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Abstract 

Separation of variables is effective method for solving ordinary and partial differential 
equations. We examine some topological manifolds in flows and get a conclusion that 
it can be applied in separating variables of differential equations. Then we give an 
example of simplifying Cauchy momentum equation. 
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1 Introduction 

Normally, We call a differential equation 

§-'<*•« 

has separable variables[l] , if f(x,t) — g(x)h(t) for some functions g and h, 
where g depends only on x and h depends only on t. 

This method, named Separation of variables, is effective for solving ordi- 
nary and partial differential equations! 2, 3,4] _ However, it's limited in solving 
linear equations, at the same time, it requires homogeneous boundary condi- 
tions which can be rarely satisfied in the most of time. Traditionally, people 
make the effort to transfer the equations into or similar to linear equations and 
the conditions into homogeneous boundary conditions. These are tough prob- 
lems when the equations and conditions are very complex. In stead of doing so, 
we propose to analyze the physical topological characteristics of flows according 
to V.I. Arnold! 5 ]. Basing on such ideas, Lie group is introduced in treating flows 
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directly. And we obtain a conclusion of some flows, where the methods of sep- 
aration of variables can be used. As Cauchy momentum equation is a general 
form of flows, we set it as an example for illustrating ours conclusion. Also, 
topological characteristics of flows are briefly discussed. 

2 Proof and Result 

We call local symmetrical flows in this paper means that motions form some 
kinds of Lie groups at a time, such as rings(5' 1 (l)), cylinder(K x S' 1 (l)) and 
torus(T 2 = S 1 x S 1 ) e.t.c. 

Theorem. For any x G il on the local symmetrical flows at time t , there 
exists G(t), H{x) such that y = G(t)H(x)xo- Here | t — to |< 5, limb — 0, y is 
an arbitrary point in Q at time t, and G(t), H{x) are Lie groups respectively. 

Remark, y is not necessary on the local symmetrical flows. 

Proof. We know that a fibre bundle £ = (E, P, B) is a vector bundle if E = 
Bxl" locally^ , now let B = R , giving a point to € Wo C B , Wo is an open 
neighbourhood, t is also a point in Wq other than t . Let 

F = p- 1 (t)=R 3 , P~ 1 (W ) =W x F 

If Uo C Fq = P _1 (to) is an open neighbourhood of a certain identity xo(we 
assume that some kinds of symmetrical flows in F ), and Xi are tangent vectors 
on Uq. Define 

[X i ,X j ]=X i »X j , (i,j = 1,2,3) 
where "•" stands for any kind of multiplications, such that 

L = {X\, X 2 , A3} 

is some Lie algebra, and so there is a local Lie group H(x) we suppose it is 
isomorphism to U, which 

x G U C Uo, cp: HxU —>U, 0(H, x) = Hx 

and we have 

x = H(x)xo 

where x G U. 

Then, for another point t G Wo, as R is a nature abelian Lie group, we have 

t = g(t)t 

In terms of the continuity hypothesis, there exists an open subset Vq C P^ 1 ^) 
which is homomorphic to Uo. write as 

V = y t Uo 
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where ip t is one-parameter group. 

There also exists V C Vb that is homomorphic to U, in other words 

y \ v = (fi t x \u 

Since £ is local trivial, we can choose V such that V is isomorphic to U. 
On the other hand 

P- I (t) = p- I (g(t)t ) 

and it is easy to prove 

P- 1 \v (ff(t)to) - eP- 1 \ e {gimP- 1 \u (h) 
where e is a constant. Obviously, 

y \ v = G(t)H(x)x as G(t) = eP' 1 | e (g(t)) 
Consider every point closes to V in the fluid, Let 

K ={x\ d(x,V) <\ 6 |, Zim<5 = 0} 

Since the properties of points in K are very similar to points in V, so we can 
expand the domain to N = K + V such that 

p- 1 \ N (t) = eP- 1 \ e (gi^p- 1 \u (to) 
VyeK, y = G(t)H(x)x 

□ 

Ours above proof infer a kind of symmetry when applying to fluid. The 
Lie algebra L , which represents velocity field of fluid particle on the local 
symmetrical flows, is well defined as the product gives out some information 
of fluid such as rotations and deformations (when "•" is cross product "x"). It 
is not difficult to see that the conclusion "splits" time off space on the local 
symmetrical flows. Where G(t) controls the changing of time and H{x) is in 
charge of space deformation. 

3 Discussion 

Obviously, using Lie groups with a kind of multiplications, we simplified the par- 
tial differential equation into two ordinary differential equations (here we mean 
that t, x are independent) without requiring linear equation or homogeneous 
boundary conditions. Because v(x, t) can be written as v(x, t) = G Hx° natu- 
rally near the local symmetrical flows. 

And if in the fluid where there is a time span 

I t — to \< S, lira 5 = 



3 Discussion 



4 



such that 

v(x,t) = v(x,i ) 

From [5] we know that some kinds of topological manifolds can be classified, such 
as rings(S' 1 (l)), cylinder(R x ^(1)) and torus(T 2 = S 1 x S 1 ) e.t.c. Generally, 
one can always find some differentiable manifolds, and when these manifolds are 
Lie groups(or diffeomormphic to lie groups), then H(x) can be identified easily. 
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